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Fall 2025

Solution. Clearly 11 cannot be obtained this way. We show that 11 is the largest such by proving
that each n ≥ 12 can be obtained in this manner. In other words, we prove that each n ≥ 12 can
be written as n = 3x+ 7y for some x, y ≥ 0.

Our proof is by induction. The base case is n = 12, which is obvious since 12 = 3 · 4, so we can
take x = 4 and y = 0. For the induction step, suppose n ≥ 12 can be written as n = 3x + 7y for
some x, y ≥ 0. We show that the same is true for n+ 1. We consider cases:

Case 1: Suppose y = 0. Then n = 3x and we must have x ≥ 4. Therefore,

n+ 1 = 3x+ 1 = 3(x− 2) + 3 · 2 + 1 = 3(x− 2) + 7.

Case 2: Suppose y = 1. Then n = 3x+ 7 and we must have x ≥ 2. Therefore,

n+ 1 = (3x+ 7) + 1 = 3(x− 2) + 3 · 2 + 7 + 1 = 3(x− 2) + 7 · 2.

Case 3: Suppose y ≥ 2. Then n = 3x+ 7y. Therefore, since y ≥ 2,

n+ 1 = (3x+ 7y) + 1 = 3x+ 7(y − 2) + 7 · 2 + 1 = 3x+ 3 · 5 + 7(y − 2) = 3(x+ 5) + 7(y − 2).

Consequently, by mathematical induction, n = 3x + 7y for each n ≥ 12. Thus, the answer to the
problem is 11.
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